Endogenously sticky price

Abhitesh Ranjan

April 19, 2026

Abstract

In this paper



1 Introduction

The seminal work by Gali and Monacelli (2005) has been the foundation for monetary policy
analysis in much of the recent research. A key assumption in this framework is exogenously
sticky price. However, a recent empirical analysis by Singh, Suda, and Zervou (2022) revealed

the different sectors respond differently to monetary policy.

In this paper, I explore the theoretical reason behind the observed heterogeneous response. The
hypothesis is that different sectors have different price stickiness that arises from inventory and

shelf life of the product.

Relation to the literature

This work builds upon the existing literature on inventory management. Some of the early
works in this area were done in Arrow et al. (1951), and Bellman et al. (1955). They derive
optimal inventory policy under various conditions, however, assuming demand function to be
exogenously given. Scarf (1960), and Iglehart (1963) explore the optimality of (s,S) inventory

policy in a dynamic set up.

The (s,S) policy of inventory management is one of the widely studied model by economists.
Iglehart (1963) study convergence of economies aggregate to frictionless counterpart. Khan
and Thomas (2007) incorporate (s,S) into a business cycle model to explain cyclical variability

of inventory investment.

The inventory management problem has also been extensively explored in operations research
literature. This paper is close to continuous time models as described in Benkherouf and Gild-
ing (2021a), Benkherouf and Gilding (2021b), and Alfares and Ghaithan (2016). The contri-
bution of this paper is to study the inventory decision with non linear price dependent demand

rate.



2 A model with sticky price

Household

There are a continuum of of mass 1 household that maximizes their lifetime utility over con-

sumption and leisure. The expected lifetime utility is given by:
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where C; is a consumption index given by
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I assume the following functional form for U(Cy, N;),
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and [ is the discount factor, o > 0 is that elasticity of intertemporal substitution, and ¢ > 0
is the Frisch elasticity of labor supply. The household’s optimization problem is subject to the

budget constraint given by:
PCy+ QB = W,N, + By_1 + BF; (4)

where B; is the number of shares of government bond, (); is the price of government bond, and

F is the profits of the firm.

P,
Let II; = iz L denote the inflation rate. The households’ choice can be characterized by the
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The final good producer

The final good (Y}) is produced using the intermediate goods Y;; using the following technol-
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where ¢ is the elasticity of substitution.

ogy:

Final good producers are perfectly competitive in the input and output market. They maximize

profits subject to the production function (7). Therefore the input demand function is given by:
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and the price index is
1
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Intermediate good producers

Each intermediate firm produces a differentiated good using only labor as input and a linear

production technology:

}/;:t = AtNita

where /;; is the labor hired by the firm 7 at time ¢. The productivity a; = log(A;) follows the
following AR(1) process:

A1 = Pay + €at- (10)

The intermediate good producers are monopolistically competitive in output market, and they
reoptimize their prices P;; at time ¢ with probability 1 — 6, with 0 < 6 < 1. A firm which does
not reoptimize the price continue with their old prices. A firm that reoptimizes its price at time

t, maximizes the current real value of profits generated while the price remains effective:
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where, (), - is the stochastic discount factor
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MC' is the real marginal cost of the intermediate good producers which is same across all firms
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Now, the first order condition of the firm with respect to p;; is
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New Keynesian Phillips Curve

The New Keynesian Phillips curve for this model can be derived by taking first order approx-
imation around zero inflation steady state. Let the normalized price index in zero inflation
steady state be 1. In addition, Y, =Y, Q,; = 37". Then the first order approximation around

this steady state may be written as

zi = (1 — B0) E (B0)"Ep; (11)
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. . . e W, . . . .
where, pi = log(P}), and P} = 1A is the profit maximizing price of firm ¢ in period 7.
€ — T

Claim 1. Around the flexible price equilibrium, the aggregate production function for this

economy can be written as Y; = AN, upto a first order approrimation.

Proof. content... |



Claim 2. The New Keynesian Phillips curve for the model with sticky price is given by

T = Ky + BEemiiq,
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output from the log of natural output level.

where Kk =

, and y; denotes the output gap i.e

Proof. We start with the optimal price setting equation (11)

(12)

. deviation of log

zie = (1= p0) 2(59)”Etpi
Tyt — pr1 = (1= 0) i(ﬂG)T‘tEt(pi Sy
= (1= 80)(p} — pr1) + B0 | (1 = 56) i(ﬂer‘“*”&(pi - )
+ 561 — j0) i;(BQ)T‘t‘lEt(pt — Pi-1)
= (1= 80)(pi — pe—1) + BOE(Ti 1 — po) + B (P — pi—1)
= 7 = (1= BO)(p; = pir) + BIE + 00,
== q — gzzgl 9))( —Petpe— o) + %Emﬂ
o= 02 699)(1 al) Py — i) + Blét;t+1
Next, we have to show that p; —p, = (6 + ¢)(y: — y;'), vy is the log of natural output

level under flexible pricing.



From the first order conditions of the households we have
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Hence, we get
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Taking log and substituting it back into the expression for 7;, we get the NK Phillips
Curve

Ty = KU + PEmsq,
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Dynamic IS relation

Taking log of (6), we get the IS relation

¢y = Eycppr — ;(it — Ky — P)a

(13)

where 1, = — log ()¢, and p = — log 3. Applying market clearing condition we then get
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The dynamic IS relation expressed in terms of output gap becomes

I .
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where 7' is the natural real rate of interest given by
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Interest rate rule

It is assumed that the central bank follows an interest rate rule of following form

it = p+ Op + T+ Oy + 14,

(15)
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where 1, is an AR(1) process with zero unconditional mean. In addition, it is also assumed that

¢, and ¢, are non negative constants chosen by the central bank.
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Equilibrium dynamics

(18)

Combining equation (17), (12), and (15) we get the following linear rational expectation model
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with 1y = €/. Where A; = 1 V¢ has been assumed for simplicity.
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3 A model with inventory

The description of households and final good firm is identical to the description in Section 2.
However now we have two types of intermediate good firms - manufacturing and services. All
firms use identical production technology which is linear in labor input. Manufacturing firms
carry out their production activity in remote location and demand for manufactured good is
fulfilled through retail units. On the other hand, the service firms produce their output at the

location of demand.

Household

There are a continuum of of mass 1 household that maximizes their lifetime utility over con-

sumption and leisure. The expected lifetime utility is given by:

< (ot N

where (3 is the discount factor, 0 > 0 is that elasticity of intertemporal substitution, and ¢ > 0
is the Frisch elasticity of labor supply. The household’s optimization problem is subject to the

budget constraint given by:
BCy+ QB = WyNy + By1 + PF, (21)

where B; is the number of shares of government bond, (); is the price of government bond, and
F is the profits of the firm.

P,
Let II; = iz L denote the inflation rate. The households’ choice can be characterized by the
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following first order conditions
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Let the household allocate N,,,; units of labor to the manufacturing sector, and Ng; units of labor



to the service sector, so that N,,; + Ny = N,.

The final good producer

The final good (Y;) is produced using the intermediate goods Y;; using the following technol-
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where ¢ is the elasticity of substitution.

ogy:

Final good producers are perfectly competitive in the input and output market. They maximize
profits subject to the production function (24). Therefore the input demand function is given
by:

- (R) v ow (25)

a=:(43ﬁs)ﬁg. (26)

Since the intermediate output comes from two sectors, the final good output can also be ex-

and the price index is

pressed as follows
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where 9 is the fraction of manufacturing firms.

Since the output of individual sectors differ only in their index, therefore the quantity and price
of each product within a sector will be same. That is the manufacturing output from the firm

will be

P\ ° .
Yimt—(?ﬁ Y, Vi, (28)

and the output of each intermediate good firm from the service sector will be

P\ ¢ ,
Y;-st:( P:) Y, Vi (29)
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Finally the price index can be decomposed as

Py = (9L + (1—9)Pyo)Te (30)

Intermediate good firms

There are two types of intermediate goods - manufacture goods and service goods. Total mass
of the intermediate good firms is 1, a fraction ¥ of them are manufacturing and rest are service
firms. The manufacturing activity takes place at a location that is different from the location of

demand. So these firms must rely on retail units to meet the demand from

Manufacturing unit

The description of manufacturing unit is as explained in Appendix A, with & = 1. The firm’s

optimization problem is now characterized by
Ay = Wiy,

Because each manufacturing firm is identical, therefore the labor supply to manufacturing firm

1
will be Nimt = ENmt

Retail unit

The behavior of retail unit is also identical to the description provided in Appendix A. It can be
shown that for the linear production function assumed in this section the price of manufactured

goods can be written as
. € Wi
S e(l—-0)—1A4,_°

P, (31)

Service sector

In this paper service sector does not maintain an inventory and therefore supply and demand

should match every period. The absence of inventory then implies that the price of service

11



sector goods will be
_ e w
ot e—1 At ’

(32)

Equilibrium

Definition 1. A competitive equilibrium for the given setup with inventory is the sequence
of price P =; household choices Zy, =; manufacturing unit choice Z,, =; retail unit choices

Z, =; and service sector firm choices Zs =, such that
o Given P, households maximize their utility
o Giwen P, manufacturing unit gets zero profit
o Given P, retail units and service sector firms maximize their profits
o Prices P are such that markets clears
1. Manufactured goods market
2. Service goods market

3. Bond market

Phillips curve

In order to derive the Phillips curve, the first order approximation around zero inflation steady

state is taken.

Zero inflation steady state

In this section the expressions from variables like output, employment, and price index are

derived in zero inflation steady state.

Definition 2. A zero inflation steady state is the economy in which the prices of each

sector remains constant.
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The price of each sectoral good are given by

€ w
P, = — 33
e(l—0)—1A (33)
e W
P, = - 34
e—1A (34)
From here, the price index may be written as

P = 9P, + (1-9)P} " (35)

Given the expression for prices we can now derive the demand functions for manufactured and

service sector goods.

A Firm behavior with inventory

A.1 Introduction

I study a partial equilibrium model of inventory management in infinite horizon discrete time.
In this model a manufacturing firm produces output at a remote location. Therefore, it must
use its retail units to satisfy consumer demand. The motivation behind this work is to develop a
simple model of inventory management that can be combined into general equilibrium models

in a tractable manner. There are various version of inventory management models explored

13



in economics and operation research literature, however, to the best of my knowledge, all of
them are partial equilibrium models that are not straightforward to incorporate into general

equilibrium framework.

It is argued that output price at any time ¢ depends upon the price at ¢ — 1. The implication of
this result is that it is a step toward explaining price stickiness in New-Keyneysian monetary

economics models where it assumed to be exogenously given.

A.2 Model

The problem is setup in infinite horizon discrete time. The economic agents have perfect fore-
sight and there is no uncertainty. There is a manufacturing firm that produces a single good
as its output using labor as only input. The manufacturing activity takes place at a location
different from the location of sale. So, in order to be able to sell its product the manufacturer
relies on its retail unit that maintains an inventory of the good. The retail unit faces consumer
demand and orders inventory at discrete interval of time once the stock becomes too low. For
each order it has to pay administrative cost, independent of the quantity ordered, on top of the

per unit price. The payment has to be made one period in advance'.

A.2.1 Manufacturing unit

The manufacturing unit produces a single good as output using a decreasing returns to scale
technology using only labor as input. The manufacturing unit has to supply whatever quantity
the retail unit orders at discrete time interval. Suppose at time ¢; the retail unit orders &; quantity

of goods then the manufacturing firm’s optimization problem can be stated as follows.

T = Max Z BH(—wly) + Z Blite &
t=0 =1

Ye.Le,c;

subjectto y, = ALy

!This assumption is needed to simplify the expressions.
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where a € (0,1) ? and ¢, is the per unit price of good at the manufacturer’s location. Market
clearing of the output at discrete interval requires
ti—1
G= Dy Vi=1,...,
t=t;—1
and ty = 0.

Assumption 1. Manufacturing unit behaves competitively in input (labor) market.

Claim 3. Under Assumption 1, the solution to the firm’s optimization problem is char-

acterized by the following equations:

OéﬁtiilctiAtggil = ﬂtwt (40)

A.2.2 Retail unit

The retail unit begins with some positive stock of goods () and faces the consumer demand
which is assumed to be deterministic. If the stock is too low then it makes an order to the
manufacturing unit at the beginning of the period which costs k irrespective of the size of the
order, in addition it also pays a per unit cost ¢;. Once the order is fulfilled the retailer also incurs
a storage cost (f(z)) which is increasing in the size of the inventory. The retailers optimization

problem can be stated as follows.

Tr(z0) = max Z B =piAw, — f(x)]dt — Z Bk + )
t=0 i=1

e {ti i},

The decrease in inventory will be equal to demand rate. The relationship is given by
Axt - _"ipt_ea

where € > 1.

2Since this is a partial equilibrium analysis, therefore o« = 1, constant returns to scale technology,
will result in firm demanding infinite amount to labor to produce infinite amount of output. In general
equilibrium model, this situation is prevented from arising due to supply side constraint.
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Now consider the interval ¢; < t < ¢;;1, the retail unit orders inventory at beginning of ¢; will

be sold before time ¢;, ;. The firm’s reward in this interval will be

tiy1—1 ti—1

> B Ay — flw)] = Y ey —k (41)

t=t;—1

From Equation (41), observe that it is optimal for the retailer to set its price such that the entire

stock of output is sold out immediately, so that the storage cost of inventory is minimized.

Claim 4. The optimal strategy of the retailer is to set the price p; such that entire

wmventory 1s sold out immediately.

Proof. Given the rate of demand is kp, ©, the revenue at any moment as a function of

price is given by sp; ¢ which is a decreasing function of p,.

Secondly, in general, the storage cost, (f(x;)) will be an increasing function of the amount

of inventory being stored.
ti—1
Lastly, the cost of accumulating inventory at ¢;, Z ¢, Yt + k has already been incurred

ti—1
at the beginning of ¢; and therefore it acts as a fixed quantity in the interval [t;, ;11 — 1].

Thus retailer optimization will imply that it sets price p; low enough to sell all the
inventory immediately, which simultaneously maximizes the revenue and reduces the

storage cost. [ |

Hence the retail unit’s maximization problem at time ¢ can be written as
—peDzy — f(xe) — e — k (42)

The above equation is further simplified in the following manner. The rate of decrease in
inventory is

Axy = —kp;

Recall that at the beginning of every period ¢, the retail unit orders inventory &; which is sold

16



out by the end of period ¢, before it begins the new cycle. Hence,

&= "fpt_g

Assumption 2. The functional form of f(x) is given by f(x) = opyx, where o is a

constant parameter of the model.

Now the retailers optimization problem at ¢ becomes

{kp; = — (ope + co)rp, ) — k.

€
e—1

Claim 5. The profit mazximizing price is p; = (opy + ¢;). And the quantity of

inventory ordered is K (%(th + ct)> )
E —_—

afA;_1c

a
) . The per unit
Wi—1

From Equation (40), the supply at the beginning of ¢ is A;_; (

ordering cost ¢; can be obtained by equating the demand rate and supply rate. That is, ¢; is

i (L(Opt i Ct)>6 — A, <M) o (43)

e—1 W—1

determined by

In the special case of no storage cost, 0 = 0, the expression for ¢; can be determined analyti-

e (&) (w)
'f (aB)ts ) \Aa)

Through Equation (43), ¢, is a function of prices in the previous instant w;_4, and therefore

cally,

through its dependence on ¢, p; is a function of previous period price.

A model with no inventory

For comparison, consider a model of a monopolist firm producing the output with same tech-
nology, v = A.l}, and facing the same demand rate y; = kp, , where ¢, is the labor input

employed, A; is the productivity, and p; is the price of the final output.

17



The profit maximization of this firm can be stated as follows:
max py; — wily,
bt

sty = Al

Yr = Kp;
For this model, it can be shown that the firm will optimally set its price to be

-1
—a)e

1+ =

[ et Wy
Pe=|—F""" " —1
ale—1) As

which is independent of prices in the previous periods.
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